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Model of Aluminum Agglomerate Evolution in Combustion
Products of Solid Rocket Propellant

V. A. Babuk¤ and V. A. Vasilyev†

Baltic State Technical University, 198005, St. Petersburg, Russia

A mathematical model was developed for agglomerate evolution in the combustion products of solid rocket
propellant. The model is based on the principle of dividing the complex process into relatively simple phenom-
ena with sequential synthesis of their descriptions. The model includes description of many processes observed
experimentally. They are 1) metal combustion, 2) chemical interaction between metal and oxide in agglomerates,
3) change in structure of agglomerates, and 4) interaction of agglomerates and carrier � ow. Quite high quality of
the model was proved by satisfactory agreement between calculation results and experimental data.

Nomenclature
ak = oxidizing potential of gas phase (mole fraction of

oxidizing components in gas mixture)
cP = molar isobaric heat capacity
D = agglomerate diameter
D43 = mass median diameter of agglomerates
d = smoke-oxide particle diameter
F = force
H = molar enthalpy
J = mole � ux of substance
Kdep = coef� cient of deposition of smoke-oxide particles

on agglomerate
L = molar evaporation heat
L S = distance from the burning surface of propellant

specimen
M = mass
Nu = Nusselt number
P = pressure
Pr = Prandtl number
Qcon = conductive heat � ux
Qrad = radiant heat � ux
Qsp = intensity of heat consumption on the interface

between metal and oxide in agglomerate
R; r = radius
Re = Reynolds number
R0 = 8.314 J/(mole ¢ K), universal gas constant
T = temperature
t = time
V = volume or velocity
Z M = share of unburned metal in agglomerates relative

to initial metal in propellant
Z a

M = share of initial metal in propellant used to form
agglomerates

Z ox
M = share of initial metal in propellant used to form

oxide in agglomerates
Z SOP

M = share of initial metal in propellant used to form
smoke-oxide particles

° = edge wetting angle

Received 26 April 2001; revision received 28 January 2002; accepted for
publication28 January 2002.Copyright c° 2002by the American Instituteof
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0748-4658/02 $10.00 in
correspondence with the CCC.

¤Professor, Aerospace Division, Department of Space Vehicles and
Rocket Motors.

†Associate Professor, Aerospace Division, Department of Space Vehicles
and Rocket Motors.

1V = bypass � ow velocity
´ = mass share of oxide in agglomerate
¸ = thermal conductivity
¼ = 3.14
½ = density
¾ = surface tension
Â = share of metal drop covered by oxide cap in

agglomerate
Ä = area

Subscripts

A; B; E; = boundaries of characteristic zones in
F; C agglomerate combustion model
AE, EB, = characteristic zones in agglomerate
BF, FC combustion model
AB; BC = characteristic zones in agglomerate combustion

model
a = agglomerate
b = bubble
cap = oxide cap
g = gas phase
M = metal
o = oxidizer
ox = oxide
ox.d = dissociated oxide
p = smoke-oxide particles

Superscripts

A; B; E; = boundaries of characteristic zones in agglomerate
F; C combustion model
AE, EB, = characteristic zones in agglomerate
BF, FC combustion model
c = condensed
d = dissociated
g = gaseous
in = in� ow
max = maximal value
out = out� ow

Introduction

C OMBUSTION of aluminized solid rocket propellant (SRP)
results in formationof condensedcombustionproducts (CCP)

consistingof two fractions:agglomeratesand smoke-oxideparticles
(SOPs). Agglomeratesconsistof aluminumand its oxide.Their sizes
can reach hundreds and even thousands of micrometers. The SOPs
have the size of about 1 ¹m.

Condensed combustion products have an important in� uence on
rocket motor operation. To provide normal operation of the motor,
it is necessary to predict CCP parameters in the motor chamber. A
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number of physical and chemical transformations of CCP, that is
their evolution, takes place in the combustion chamber. Agglomer-
ates play the most important role in the process of CCP evolution.

In mathematical modeling of physical and chemical transforma-
tions of agglomeratesin combustionproducts � ow, mainly attention
has been paid to the process of metal combustion, and it has been
considered acceptable to use descriptions developed for conditions
of single particle combustion in various active media. Most studies
have used the diffusive combustion model with the main principles
of the theory of diffusivevapor-phaseburningof drops of hydrocar-
bon fuels developed by G. A.Varshavskii.1

For the � rst time the diffusive vapor-phase model of aluminum
particle combustion in a mixture of oxygen and inert gas was for-
mulated by T. Brzustowski and I. Glassman.2 The main assumption
of the model was that chemical reaction rate is much more than the
diffusion rate of reacting components to the thin burning zone lo-
cated some distance from the particle surface. In the framework of
this model, the burning rate is controlledby the process of diffusion
of reacting components.

Further the diffusive vapor-phase model has been modi� ed by
many authors.3¡7 Their works have consideredcombustionof metal
particles in various oxidizing media as well as questions associated
with 1) in� uence of dissociationof condensedcombustionproducts
on thermal condition of the burning zone, 2) presence of an oxide
cap on the surface of a metal drop, and 3) the effect of external � ow
on the burning process.

A. V. Voronetskii, A. V. Sukhov, and co-authors developed a so-
called three-zone model.8;9 In the framework of the theory of dif-
fusive vapor-phase combustion, they tried to take into account the
in� uence of pressure on the burning rate. They assumed that begin-
ning from a certain value of concentrationof condensedparticles in
the burning zone these particles have an effect on diffusion of the
reacting components. This description does not take into account
hydrodynamic effects on motion and accumulation of those parti-
cles, that is, on effects, which are important for phenomena under
discussion.

The model presented in Refs. 10–12 has a speci� c place among
the models of metal particle combustion.This model was developed
to provide determination of both burning rate and sizes of the con-
densed combustion products. The main assumption of the model is
that the characteristic time of diffusion of gaseous components is
much less than characteristic time of heterogeneous chemical re-
action on surfaces of forming smoke oxide particles. A number of
characteristics (geometrical sizes of burning zone, parameters of
its temperature � eld) determined with the help of the model are in
contradiction to most available experimental data.

The just-noted model was modi� ed in Refs. 13 and 14 with the
aim to describe, � rst of all, accumulation of oxide on surfaces of
burning aluminum particles. In the new version of the model, it
was taken into account that before the particle ignition some part of
aluminum particle is covered by oxide, and in the process of com-
bustion gaseous oxidizer reacts with aluminum on the free surface
(not covered by oxide) with formation of alumina, following partial
evaporationof this alumina and aluminumfrom the surface of burn-
ing particle. The model provides determination of the condition for
transition from the heterogeneousmode of burning to gas phase.

Reference 15 presents a combustion model of motionless alu-
minum particles. The model takes into account both kinetics of
chemical reaction and diffusion of components. It provides deter-
mination not only of burning rate but also � elds of interaction po-
tentials in the combustion zone, that is, distribution of temperature
and partial pressures of gaseous substances.However formation of
� nal condensedcombustionproductsis not consideredin that work.

Reference 16 presents a model, which, for the � rst time, in-
cludes descriptionsof agglomeratemetal combustionwith account-
ing for 1) its blowing by two-phase � ow and 2) real structure of
the agglomerate.The model was based on the following principles.
An agglomerateconsists of two drops: metal and oxide (oxide cap).
Oxidizing components of external � ow reach the particle surface
and take part in heterogeneousreactionwith metal. Formed oxide is
accumulatedon the particle surface as oxide cap. Equilibriumevap-

oration of the mixture Al-Al2O3 takes place at the interfacebetween
these substancesin theagglomerate.Heat transportedto the agglom-
erate controls the kinetics of this process. The evaporationproducts
come to the environment through the oxide cap. Those products
condenseon nuclei in the environment,which leads to formation of
smoke-oxide particles. Condensation process rate is controlled by
diffusion of components to the particle surface. The mathematical
model consists of description of laminar motion of viscous incom-
pressible liquid, motion of SOPs, condensation process, and heat
balanceon the agglomerate surface.Potentially, the model provides
the possibility to determineburningrate, parametersof agglomerate
structure, and sizes of forming SOPs. The authors do not discuss
the questionof reliabilityof the model while a number of the model
assumptions are in contradiction with experimentally determined
facts.

In the works of recent years, Liang and coworkers tried to
take into account both real hydrodynamic details of the � ow
around burning particle and kineticsof chemical reaction and phase
transformations.17¡19 In the origin the model was aimed at describ-
ing combustion in cold air, and then it was modi� ed for conditions
of solid propellant combustion products. In the framework of the
model, the following assumptions were made: 1) the burning parti-
cle is spherical and oxidecovers some part of its surface, 2) gas � ow
is viscous and laminar, 3) size of the particle is constant during its
burning. The model describes processes of metal evaporation, sur-
face and gas-phase reactions, condensationprocess, speci� c details
of two-phase � ow around particle, and deposition of SOPs from
the � ow onto its surface. Analysis of the model allowed authors to
make the conclusionthat characteristicdetailsof combustion(struc-
ture of burning zone and dependence of burning rate on different
parameters) are close to the details of the diffusive model.

Analysisof availablepublicationsallows us to make the following
conclusions:

1)Developedmodelsdonotdescribea numberof phenomenatak-
ing place in the agglomerate evolution (change in structure, oxide
removalfromagglomerate20;21/, andoftentheyarebasedonassump-
tions that are in contradictionswith available experimental data.

2) Taking into account the differences in parameters between the
two environments, the use of results from modeling single particle
combustion in active media to the case of agglomerate evolution in
propellant combustion products � ow is not correct.

3) The developed models, as a rule, do not provide prediction
of parameters of agglomerates in the evolution process in combus-
tion products � ow with enough reliability for the practical tasks of
designing and perfecting rocket motors.

The circumstances just listed stimulated the present work aimed
at developmentof a mathematical model for agglomerate evolution
in the � ow of solid propellant combustion products. The model is
basedon experimentaldataon evolutionof both singleagglomerates
and assemblies, which were obtained from extensive experimental
investigation.20¡23

Model
The model of single agglomerate evolution includesa mathemat-

ical descriptionof the main phenomena taking place in the process.
They are 1) metal burning, 2) chemical interaction between metal
and oxide, 3) deposition of SOPs on agglomerate, 4) change in the
agglomerate structure, and 5) agglomerate motion.

Combustion of Agglomerate Metal

A great numberof experimentaldata on combustionof aluminum
drops in the environment of solid propellant combustion products
have been obtained to date. Analysis supports the hypothesisof the
diffusive mode of combustion process with formation of a burning
area of � nite dimensions. The scheme of the model is shown in
Fig. 1. The model is based on the following assumptions:

1) The effect of external � ow on the burning process is taken
into account in the approximation of a “reduced � lm” (zone AC in
Fig. 1). That is, the agglomerate is surrounded by motionless gas
situatedin zoneAC where heat transfer is carried out by conduction,
and mass transfer of gaseous substances is carried out by diffusion.
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Fig. 1 Schematic of aluminum burning model.

2) Metal evaporation takes place in equilibrium mode from the
metal drop surface, which is free of oxide cap.

3) The burning process is quasistationary, isobaric, and axisym-
metric.

4) The burning process is controlled by diffusion, that is, the
chemical reaction rate is much higher than the rate of component
diffusion.The result of this assumptionis that all chemical reactions
run in equilibrium mode. This important circumstance allowed us
to use the following scheme. Interactionof metal vapors and oxidiz-
ing components from the environment occurs within a vanishingly
narrow area B (Fig. 1). The interaction releases such great energy
that a part of the oxide (Al2O3/ is formed in the gas-phase state
and then diffuses into the environment where it condenses to form
smoke-oxide particles. Oxide condensation occurs within the area
EF (Fig. 1.). Thus reaction between Al vapor and external gaseous
oxidizers completes within the area EF with formation of gaseous
products and condensedaluminumoxide in the form of SOPs. Thus
the area EF can be considered as the burning zone.

5) The oxidizingcomponentfrom the environmentis water vapor.
In the combustionproductsof SRP, water vapor represents the main
oxidizing component because the content of the other oxidizing
component,carbondioxide,is comparativelylow. Accordingto Ref.
24 the mixture of CO2 and H2O can be formally considered as
equivalent to a certain amount of pure water vapor. In this case
the equation of chemical reaction in area B can be written in the
following form (without account for stoichiometriccoef� cients):

Al C H2O ! Al2O
c
3 C Al2O

d
3 C H2

6) The equilibrium dissociation of aluminum oxide is described
with the followingequation (without account for stoichiometricco-
ef� cients):

Al2Oc
3 ! Al2O

g C AlOg C Alg C Og C Og
2

7) According to thermodynamic estimate, this reaction runs in
the following way:

8Al2O
c
3 D 4Al2O

g C 4AlOg C 4Alg C 10Og C 3Og
2

Approximately three moles of gaseous substances are formed
from one mole of Al2Oc

3.
8) Products of aluminum oxide dissociation (“evaporation”) can

be considered as a pseudosubstance, that is, pseudovapor (Al2Od
3/,

which has dualistic propertiesas follows. On one hand, evaporation
of one Al2Oc

3 molecule occurs with formation of a few moleculesof
gaseoussubstances,that is, the pseudovaporis a mixtureof different
substances.On theotherhand, theproductsof one moleculeof evap-
oration cannotbe separatedone from anotherso that they presentan
integral unit. That is, the components of the dissociation products
are deprived of any individuality and exist only as components of

the pseudosubstance Al2Od
3 . Pseudovapor is neutral in relation to

other components of gas mixture and is capable only of undergoing
phase transformation. (It can condense with formation of Al2Oc

3:/
This assumption allows us to describe diffusion and equilibrium
condensationof dissociated oxide in the area EF (Fig. 1).

9) Transportcoef� cients in the characteristicareas aredetermined
by averaged values of temperature and composition parameters.

10) SOPs do not in� uence diffusion of gaseous substances in
zone EF.

11) Binary coef� cients of diffusion of all gaseous components
are the same in each characteristicarea; temperature diffusion does
not take place.

12) Lewis number is equal to 1 (Ref. 25).
13) Distributedsourcesof matter and energy in zoneEF are taken

into account by means of effective � ows.
14)SOPs formed in zoneEF are removed into the so-called“trail”

under the effect of gas dynamic forces exerted by the environment
(Fig. 1). This assumption was made to take into account an obvious
feature of the agglomerate burning process, namely formation of
“trails” saturated with condensed products of agglomerate metal
burning.23

The mathematical model of agglomerate aluminum burning rep-
resents a set of ordinary differential equations describing heat and
mass transfer within the “reduced � lm” AC.

The equation of mass transfer for any i th component of gas mix-
ture has the following general form:

Ji D ¡Ä ¢
³

¸

cp

´
¢

³
1 ¡ NPi

PN
j D 1 J j

Ji

¡́1

d NPi

dr
(1)

Here NPi D Pi=P ; Pi is partial pressure of i th component; N is num-
ber of componentstransportedthroughcross sectionÄ includingthe
i th component. Integration of Eqs. (1) with account for boundary
conditions

r D RA : PM D P A
M

r D RE : PM D P E
M ; Pox:d D P E

ox:d

r D RB : PM D 0; Po D 0I Pox:d D P B
ox:d

r D RF : Po D P F
o ; Pox:d D P F

ox:d

r D RC : Po D PC
o D ak

gives six equations of component diffusion in characteristic areas,
namely, 1) two equations for diffusion of metal vapor (in areas AE
and EB), 2) two equations for diffusion of water vapor (in areas BF
and FC), and 3) two equations for diffusion of dissociatedoxide (in
areas BE and BF).

Energy transport in the characteristic areas is described by equa-
tions of energy conservationwritten in the following general form:

nX

i D 1

J in
i Hi ¡

mX

j D 1

J out
j H j C Qsp C Q in

con ¡ Qout
con C Q in

rad ¡ Qout
rad D 0

(2)

Integration of Eqs. (2) with the following boundary conditions

r D RA : T D TA; r D RE : T D TE ; r D RB : T D TB

r D RF : T D TF ; r D RC : T D TC

gives four equations of heat balance in areas AE, EB, BF, and B.
Assuming equilibrium character of metal evaporation and oxide

dissociation, the partial pressures P A
M ; P E

ox:d; P F
ox:d; P B

ox:d are con-
nected with temperatures TA; TE ; TB , and TF by the Clausius–

Clapeyron equation. For partial pressures of dissociated oxide
on the boundaries of area EF, it has been assumed that P E

ox:d D
P F

ox:d D .0:01/P .



BABUK AND VASILYEV 817

Values of transport coef� cients for the gas mixture in the char-
acteristic areas have been calculated on the basis of algorithms and
information from Refs. 26 and 27. It was taken into account that
transport coef� cients depended on the fraction of aluminum burned
out, which is characterizedby parameter (1 ¡Z M /. Heat consump-
tion of the interface between metal and oxide in the agglomerate
(parameter Qsp/ was determinedwith help of a model of interaction
between condensed aluminum and oxide as described next.

The mathematical model for agglomerate metal burning in � nal
form consists of 10 algebraic transcendentalequations for heat and
mass transfer in the characteristic areas written in general form as
follows: 8i D 0 (i D 1; 2; : : : ; 10). The equations are solved using
an optimization procedure by means of minimization of the target
function of the following form28:

18 D
10X

i D 1

³
8i

Ái

´2

(3)

Here Ái is scale factor of function 8i . The model provides de-
termination of aluminum burning rate, temperature � eld, and sub-
stances concentrations in zone AC.

Here are some results of parametric analysis of the model:
1) Parameters JM (mole � ux of evaporating metal) and TA (ag-

glomerate temperature) are quite substantiallydependent on trans-
port coef� cients in zones BF and FC.

2) Such parameters of the environment as ak ; TC , and gas � ow
velocity have the most in� uence on the agglomerate temperature.

3) Intensity of heat exchange between the metal particle and en-
vironment through the oxide cap is rather small, and this process
has little in� uence on thermal state of the particle.

The developed comprehensive model of agglomerate aluminum
burningis quite complicated;this fact causesdif� culties in its usage.
For the aim of calculation of agglomerate aluminum burning rate,
a macromodel was developed based on the comprehensive model
with a numberof additionalessentialassumptions.The macromodel
reproducesprincipal functional relationshipsof the comprehensive
model and provides determination of agglomerate aluminum burn-
ing rate as function of metal drop and oxide cap sizes, pressure,
oxidizing potential, and other parameters of the gas � ow. It has the
following form:

JM D 2¼ RA·1.1 ¡ Â/Nu

³
¸

cp

´

BC

£
»

2

3
ak C

³
cp

¸

´

BC

¢
³

¸

cp

´

AB

¢
µ

cpM .TB ¡ TA/

L M

C 1

¶¼

(4)

Here N u D 2 C 0:6 Re0:5 Pr 0:333 . Parameter·1 is a matching coef-
� cient. Its value as well as values of transport coef� cients and other
parameters are presented next.

The quality of any model depends, � rst of all, on its universality
and ability to reproduce experimentally � xed regularities. Temper-
atures of agglomerate TA and of burning zone TB , calculated with
the help of the present model, are quite close to experimentally
measured values.29;30 Measurements indicate that the temperature
of agglomerates TA , burning in the gas-phase mode on the propel-
lant surface, is in the interval between 2400 and 2600 K at pressure
0.1 MPa. The model gives this value as 2380 K. Experimentally
obtained values of burning zone temperature TB are 3500–3700 K
in the pressure range 2.0–4.0 MPa for the case of agglomerate com-
bustion in SRP combustion products. The model gives this value as
3650 K at 2.0 MPa and 3720 K at 4.0 MPa.

Figure 2 presents dependenciesof parameter J 6
M on Re and ´ ob-

tained from the model (curve 6) as well as values of J 6
M (lines 1–5)

calculated on the basis of relationshipsobtained experimentally by
different researchers.31¡38 Parameter J 6

M is determined as follows:
J 6

M D JM C JM2I here JM is mole � ux of burning metal, and JM2

is mole � ux of metal taking part in interaction with oxide on the
interface between these substances in the agglomerate. (The model

Fig. 2 Mole rate of agglomerate metal burning (D = 150 ¹m, ak = 0.2,
and P = 6.0 MPa).

of interactionpresentednext providescalculationof JM2:/ Compar-
ison (Fig. 2) reveals the most probable reason for great differences
in values of burning rates determinedby different laws of aluminum
particle combustion.Dependenciesof J 6

M on Re and ´ and lines 1–5
lie approximately in the same region (Fig. 2). This fact allowed us
to conclude that the relationships just noted (Refs. 31–38) give so
different results because they do not take into account a number
of very important factors, namely, real structure of agglomerates,
in� uence of gas � ow, and chemical interaction between substances
of the agglomerate.

Chemical Interaction of Condensed Al and Al2O3

All experimental data obtained to date and results of thermody-
namic estimate shown in Fig. 3 allowed us to consider chemical
reaction between aluminum and oxide as the most probable cause
of the decrease in the amount of oxide in agglomerates during their
evolution. (This phenomenon was named oxide removal.) In Fig. 3
parameter Pi is relative partial pressure of i th component in the
gas mixture formed as result of evaporation of aluminum and alu-
minum oxide. The equation for chemical interaction can be written
as follows:

x1 Alc C Al2Oc
3 D x2 Alg C 3Al2O

g

Here:

x1 D
PAl2O C 3

PAl2O

; x2 D
3 ¢

¡
1 ¡ PAl2O

¢

PAl2O

A general layout of the process can be presented as follows
(Fig. 4). Chemical reaction runs at the interfaceof agglomeratesub-
stanceswith formationof bubblesof gaseousproducts.The bubbles
are retained at the interface by surface tension forces. The bubbles
grow in size and under certain conditions can reach the outside
boundaryof the oxide cap. In this case bubbles collapse and release
reaction products into the environment. This process causes peri-
odical ballooningof agglomerates and decrease of oxide and metal
content in them.20;21

Experimental study has established that the intensity of oxide
removal from agglomeratesdependson pressure, agglomerate size,
and oxide content in the agglomerate.21 On the basis of obtained
experimental data, a mathematical model of the process of oxide
removal from agglomerates has been developed. It is based on the
following principal assumptions:

1) Chemical reaction takes place on reaching a certain tempera-
ture. It occurs within the adsorption layer formed at the interface of
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Fig. 3 Results of the thermodynamic estimate for the reaction:
Alc + Al2Oc

3 ! Al2Og + AlOg + AlOg
2 + Alg + Og + Og

2 .

Fig. 4 General layout of oxide removal from agglomerate.

metal and oxide in the agglomerate.Dissolvedgases serve as nuclei
of gas formation.

2)Primarybubblesof the reactionproductsgrowandmergeyield-
ing rather large bubbles going far beyond the boundaries of the
adsorption layer.

3) Each large growing bubble has a corresponding area of
feeding—an adsorption layer area surrounding that particular bub-
ble and having constant radius R f . Products of the reaction running
within this area are fed into the bubble. It is also assumed that ra-
dius R f does not depend on pressure as well as on other evolution
conditions.

4) Initial bubble size does not exceed the thicknessof the adsorp-
tion layer.Mergingof small initial bubbleswith large central bubble
is the “fast” process.

5) In large bubbles gone beyond the boundariesof the adsorption
layer, a reverse process takes place, that is, condensation of gases
backto liquidaluminumand aluminumoxiderunningon the internal
surface of the bubble.

6) The condensationprocess involvesonlya certainpartof bubble
internal surface, which does not change in the process of bubble
growth.

7)On thewhole, the bubblegrowth is determinedby simultaneous
running (competing) of processes of evaporationand condensation.

8) If a bubble becomes so large that it reaches the external bound-
ary of the oxide cap, it will collapse and release gases into the
environment.Otherwise, only agglomerate ballooning occurs.

9) Oxide cap thickness is assumed to be the same for all large
bubbles( equal to some effectivevalue) so that conditionsfor growth
of all large bubbles are the same;

10) Bubbles are spherical.
11) Temperature is the same throughout the agglomerate cross

section.
12) Products of the reaction are ideal gases.
These assumptions allowed us to develop the following mathe-

matical model of oxide removal from the agglomerate.
The expressionfor Al2Oc

3 evaporationrate w1 is in the form of an
evaporation law:

w1 D A1 exp

»
¡

Ea

R0TA

¼
1

p
TA

.PS ¡ P/;
mole of Al2Oc

3

m2 ¢ s
(5)

Here A1 is a factor depending on properties of evaporating mix-
ture of substances, Ea is an activation energy of the process, Ps is
pressure of saturated vapor of the reaction products. The value of
Ps is determined by agglomerate temperature TA .

The equation for the rate of Al2Oc
3 formation on the internal sur-

face of a large bubble w2 has the form:

w2 D A1 exp

»
¡

Ea

R0TA

¼
1

p
TA

.P ¡ 0/;
mole of Al2Oc

3

m2 ¢ s
(6)

The resultant rate of Al2Oc
3 consumption in the process of large

bubble growth is

w6 D w1Ä1 ¡ w2Ä2 (7)

Here Ä1 is replenishment area, and Ä2 is the area of the bubble
surface, where condensation takes place.

The law of single large bubble growth has the form:

dVb

dt
D

R0T

P
w6 .3 C x2/ (8)

Here .3 C x2/ is mole numberof gaseousproductsthat are formed
as a result of reaction with involvement of 1 mole of Al2Oc

3 .
The time of single large bubble growth till its collapse is

t D
Z Rmax

b

0

4¼ Rb
P

R0TA
¢ 1

w6.3 C x2/
dRb (9)

Here Rmax
b is maximum radius of the bubble at the moment of its

collapse.
The rate of removal of the reaction products from a unit area of

interface Alc ¡ Al2Oc
3 in the agglomerate W :

W D
V max

b

t¼ R2
f

;
m3of the reaction products

m2 ¢ s
(10)

Here V max
b is maximum volume of the bubble at the moment of its

collapse.
The � nal expression for the oxide removal Jox is as follows:

Jox D
P

R0TA
W

1

3 C x2
ÄM¡ox;

mole of Al2Oc
3

s
(11)

Here ÄM¡ox is area of the interfaceAlc ¡ Al2Oc
3 in the agglomerate.

This model of agglomerate oxide removal takes into account
physical principles of the process. It describes dependence of the
oxide removal rate on various factors, such as pressure P and pa-
rameters of the agglomerate.RA , ´, and TA/. The model contains a
numberof parameters,which cannotbe estimatedexactly, including
coef� cient A1 , activation energy Ea , radius of replenishment area
R f , etc. These parameters are considered as matching coef� cients.
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Fig. 5 Results of parametric analysis of the oxide removal model.

Figure 5 presents some calculated results, namely, conditions of
realization of oxide removal in the following situation: ak D 0:2,
1V D 2 m/s, Tg D 3300 K. Parameter ´ is 0.5 in Fig. 5a. Pressure
P is 6 MPa in Fig. 5b.

Becauseof different surface tensionsof aluminumand aluminum
oxide, largebubblesof the reactionproductsare almost entirelysitu-
ated inside the agglomerateoxidecap, thereforecausingan increase
in the cap volume. This fact is taken into account by using an ef-
fective value of oxide cap density ½cap . On the basis of conducted
estimates, it has been determined that ½cap may be less than the den-
sity of liquid oxide ½ox taken at temperature TA by approximately
40%. This is why it was assumed that ½cap D 0:6 ¢ ½ox .

Removal of products of the reaction between substances in the
agglomerate is a reason of not only the oxide removal from the
agglomerate but also removal of metal involved in the reaction.
Additional removal of metal because of its chemical interaction
with oxide may reach 30% in comparison with metal consumption
in the burning process.The mole � ux of aluminum consumed in the
reactionwith oxideand removedfrom agglomerate JM2 is estimated
in the following way: JM2 D x1 ¢ Jox.

Deposition of SOPs on Agglomerates

In investigationof the CCP evolution in the solid propellantcom-
bustion products � ow, we should take into account probable col-
lisions of condensed-phase particles and, � rst of all, collisions of
SOPs with agglomerates. One of the possible results of such colli-
sions may be deposition of SOPs on agglomerates and, as a result,
an increase of oxide mass in them. (This occurs in the case where
SOPs deposit on the surface of the oxide cap21:/

To account for this process, a model of SOPs collisions with ag-
glomerateshas beendeveloped.It is basedon the followingprincipal
assumptions:

1) The agglomerate can take different positions in the gas � ow
relative to direction of the � ow (Fig. 6).

2) In the case where gas � ow blows around the agglomerate from
the metal side of drop, conditions for SOPs depositionare worse in
comparison with reverse orientation of the agglomerate as a result
of metal evaporation from the surface of the drop.

3) The gas is viscous and incompressible.
4) SOPs have the same size equal to some average value.
The mathematical model of the process is constructed in the fol-

lowing way. At � rst, the gas velocity� eld is determinedin the region
disturbed by the agglomerate, and then trajectoriesof SOPs motion
in this region are calculated.

In the system of coordinates associated with the agglomerate,
equations of smoke-oxide particle motion are written in the vector
form as follows:

dVp

dt
D Fp;

dlp

dt
D Vp (12)

HereVp is smoke-oxideparticlevelocity,Fp is aerodynamicforce
applied to smoke-oxide particle from the side of gas � ow, and l p is
a spatial coordinate of the particle.

It is assumed that collision of smoke-oxide particles with an ag-
glomerate results in depositionon the agglomerate.Calculationsare
made for two variants of agglomerate orientation in gas � ow. The
model provides determination of the rate of deposition of SOPs on

Fig. 6 General layout of SOP deposition on agglomerate.

Fig. 7 Dependencies of Kdep on D; D V; d; ½g, and agglomerate orien-
tation.

an agglomeratewith dependenceon orientationand diameter of ag-
glomerate, gas � ow velocity and density, and SOP’s size. Figure 7
shows the in� uence of listed parameters on the coef� cient of SOP
deposition on the agglomerate Kdep , which represents the fraction
of SOPs deposited on the agglomerate in relation to SOPs mov-
ing in the � ow within tube with diameter equal to diameter of the
agglomerate.

The method of determinationof parameter Kdep in the framework
of this comprehensivemodel ofSOP depositionis quite complicated
and thereforenot appropriatefor practical tasks, such as calculation
of agglomerate population evolution. Therefore a formal macro-
model of SOP deposition has been developed on the basis of para-
metric analysis of the comprehensive model and with use of the
“self-adjusting” method.36 The macromodel represents a relation-
ship for calculation of Kdep with dependence on D, d , 1V , ½g , and
orientation of the agglomerate.

Agglomerate Structure

The agglomeratestructuremodel is based on the assumption that
burningagglomeratescan be regardedas an equilibriumsystem, the
structureof which is determinedby quantitiesand surfaceproperties
of its components.37 Other assumptions are as follows:
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Fig. 8 Schematic of agglomerate structure.

1) Temperature of agglomerate is the same throughoutany cross
section.

2) Agglomerate diameter corresponds to the biggest of the two:
that of metal drop or oxide drop in the agglomerate.

The agglomerate structure model includes equations linking vol-
umes of metal drop and oxide cap with their geometrical charac-
teristics. Figure 8 presents a schematic of agglomerate structure
includinggeometrical parameters,which can be calculatedwith the
help of the model. Input information includes fraction of oxide in
the agglomerate´, agglomerate diameter D, densities of aluminum
and oxide cap in agglomerate½M and ½cap , and edge wetting angles
°1 and °2 (Fig. 8). The algorithm of calculation is as follows:

1) Determination of angle ® (Fig. 8) as a function of parameter ´
by solving a set of equations is shown here:

Vcap

VM
D ½M

½cap
¢ ´

1 ¡ ´

Vcap D ¼

3
R3

1

»
cos3 ®

cos3.® ¡ °1/
¢ [1 ¡ sin.® ¡ °1/]

2 ¢ [2 C sin.® ¡ °1/]

¡ cos3 ®

cos3.® C °2/
¢ [1 ¡ sin.® C °2/]2 ¢ [2 C sin.® C °2/]

¼

VM D ¼

3
R3

1

»
[1 C sin ®]2[2 ¡ sin ®]

C
cos3 ®

cos3.® C °2/
¢ [1 ¡ sin.® C °2/]2 ¢ [2 C sin.® C °2/]

¼

(13)

Here VM and Vcap are volumes of metal drop and oxide cap in the
agglomerate.

2) Calculation of all other parameters of agglomerate structure
with determined value of angle ® is shown as follows:

Â D 0:5.1 ¡ sin ®/ (14)

If
cos ®

cos.® ¡ °1/
> 1; then

8
<

:

R2 D 0:5D

R1 D R2
cos.® ¡ °1/

cos ®
(15)

If
cos ®

cos.® ¡ °1/
· 1; then

(
R1 D 0:5D

R2 D R1
cos ®

cos.® ¡ °1/
(16)

R12 D R1
cos ®

cos.® C °2/
(17)

Volumes VM and Vcap are calculated in accordance with Eqs. (13).
Values of °1 and °2 were obtained experimentally at two pres-

sure levels.37 Temperature of burning agglomerate Ta at different
pressures was estimated using the agglomerate burning model just
described. All of this information with addition of data on tem-
perature dependence of oxide surface tension on the interface with

gaseous media ¾2 taken from Ref. 38 was used for determination
of temperature dependencies of surface tension on interfaces be-
tween 1) aluminum and oxide in agglomerate ¾12 and 2) agglom-
erate aluminum and gaseous environment ¾1. These dependencies
were obtained in the following form:

¾2.T / D 0:66 ¡ 1:96 £ 10¡4.T ¡ 2306/; N/m (18)

¾1.T / D 1:267 ¡ 2:6 £ 10¡4.T ¡ 933/; N/m (19)

¾12.T / D 0:687 ¡ 1:6 £ 10¡4.T ¡ 933/; N/m (20)

Usage ofEqs. (18–20) is correctfor determinationof agglomerate
structure in the interval of Ta between 2300 and 3500 K. Wetting
angles °1 and °2 should be calculatedwith use of these equationson
thebasis of theconditionofmechanicalequilibriumof contactlineat
the interfaceof three media: aluminum, oxide, and surroundinggas.

°1 D arccos
¾ 2

1 C ¾ 2
2 ¡ ¾ 2

12

2¾1¾2

(21)

°2 D arccos
¾ 2

1 C ¾ 2
12 ¡ ¾ 2

2

2¾1¾12

(22)

For example, at 3000K and with ½cap D 0:6½ox agglomerateswith
D D 200 ¹m and ´ D 0:3 have the following parameters of struc-
ture: R1 D 100 ¹m, R2 D 96 ¹m, R12 D 195 ¹m, ® D 0.323 rad,
Â D 0.341.

Agglomerate Motion

Modeling of the agglomerate motion was carried out in accor-
dance with the approach suggested in Ref. 32. The motion model
describes the motion of a single agglomerate in the gas � ow under
the effect of aerodynamicand inertia forces. Deposition of SOPs on
an agglomerate causes additional change of agglomerate impulse.
The motion model takes into account this factor; it was assumed that
the difference in velocities of the agglomerate and SOPs colliding
with it is equal to the difference in velocitiesof the agglomerateand
the gas � ow 1V.

Agglomerate motion equations in vector form are as follows:

dVa

dt
D 1

2
¢

Cdrag Sa½g1V

Ma
1V C Fm C

Kdep ¢ ’SOP ¢ Sa ¢ 1V

Ma
1V

dla

dt
D Va (23)

Here Cdrag is agglomerate drag coef� cient, Sa is area of agglom-
erate maximum midsection, Fm is mass force induced by the Earth
gravity and rocket acceleration,’SOP is mass concentrationof SOPs
in gas � ow, and la is spatial coordinate of the agglomerate. It was
established with calculations that the effect of jet power caused
by out� ow of metal vapor from the agglomerate metal surface on

Fig. 9 Results of calcula-
tions for agglomerate ori-
entation in gas � ow.
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agglomerate motion can be neglected. The orientation of the ag-
glomerate in a gas � ow was also calculated.It was assumed that the
orientation corresponds to the most stable position of the agglom-
erate as determined by the relative positions of mass and pressure
centers of the agglomerate.

Calculation results presented in Fig. 9 show that at the initial
stages of evolution gas � ow blows around the agglomerate from the
side of the metal drop. At the � nal stages, when a certain magnitude
of ´ is reachedthe agglomeratecan change its orientationso that gas
� ow will blow aroundthe agglomeratefrom the side of its oxidecap.
The calculationswere performedtakingintoaccountthephenomena
of oxidecap ballooning(in Fig. 9 Ã D ½cap=½ox). Figure 9 shows that
solid (without bubbles) agglomerates, containing more than 30%
oxide (´ > 0:3) should be in position b (positions a and b are taken
in accordancewith Fig. 6) because of higher density of liquid oxide
in comparison with liquid aluminum. Ballooning of oxide cap with
bubbles causes a decrease in the probability of that position. For
example, at ½cap D 0:6½ox position a is more probable in the case
of ´ < 0:7. These results are in good correspondencewith available
experimental data.

Synthesis of Different Models

All of the models just presented together constitute a model of
evolution of a single agglomerate in the combustion products of an

16 D

vuut 1
N

³
NX

i D 1

(
[Z M .70 mm/]calc

i ¡ [Z M .70 mm/]exp
i

[Z M .70 mm/]exp
i

)2

C
NX

i D 1

(£
Z ox

M .70 mm/
¤calc

i
¡

£
Z ox

M .70 mm/
¤exp

i£
Z ox

M .70 mm/
¤exp

i

)2´

aluminized solid rocket propellant. Figure 10 shows schematically
links between the particular models, which provide exchange of the
following information:

1) The metal burning model (model 1) provides determinationof
agglomerate temperatureand burning rate, which are used in model
2 (TA), in model 3 (velocity of � ow from metal drop surface), and
in model 4 (change in metal mass for some period of time).

2) The model of chemical interactionof Alc and Al2Oc
3 (model 2)

provides determination of the oxide removal rate, which is used in
model 1 (heat consumption on the interface Alc ¡ Al2Oc

3/ and in
model 4 (change in masses of metal and oxide for some period of
time, ½cap/.

3) The model of SOP deposition on agglomerates (model 3) pro-
vides determination of � ux of deposited SOPs, which is used in

Fig. 10 Block diagram of the model of single agglomerate evolution.

model 4 (change in oxide mass in agglomerate for some period of
time) and in model 5 (additionalforce in� uencingthe agglomerate).

4) The model of agglomerate structure (model 4) provides deter-
mination of geometrical parameters of the agglomerate, which are
used in models 1, 2, 3, and 5.

5) The model of agglomerate motion (model 5) provides deter-
mination of agglomerate velocity and spatial coordinatesof the ag-
glomerate,which are used in model 1 (ak; Tg; and 1V ) and in model
3 (1V ).

Matching coef� cients of the model were determined by means
of comparison of the model, in describing the evolution of an en-
tire agglomerate population in a combustion � ow of SRP, with ex-
perimental data. Experimental data were obtained for the case of
one-dimensional motion of combustion products � ow, taking data
at different distances L S from the burning surface of the propellant
specimen.21 The mathematical model of evolution of the popula-
tion of agglomeratesin one-dimensional� ow was developedon the
basis of the model of single agglomerate evolution. Calculations
were conducted with use of an optimization procedure. Matching
coef� cients played the role of variable parameters. The target func-
tion 16 representeddisagreement of calculation results and exper-
imental data, namely, values of parameters ZM and Z ox

M at distance
L S D 70 mm. Parameter 16 was de� ned on the basis of the total
available experimental data as follows:

Here N is total number of investigatedcases of agglomerate evolu-
tion:

Calculated data:

[Z M .70 mm/]calc;
£
Z ox

M .70 mm/
¤calc

Experimental data:

[ZM .70 mm/]exp;
£
Z ox

M .70 mm/
¤exp

At con� dence probability 0.997 parameter 16 is equal to
(5.5 § 0.8)%, which allowed us to conclude that the quality of
both the obtained experimental data and the developed model of
agglomerate evolution was relatively good. Figure 11 shows, for
example, experimental data and calculation results in the case of
one of the propellants used (propellant N4 in accordance with
Ref. 21). The obtained values of all of the matching coef� cients just

Fig. 11 Comparison of experimental data and calculation results.
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mentioned are k1 D 0:775; A1 D 1:122 £ 10¡4, Ea D 74.82 J/mole,
R f D 7:516 £ 10¡5 m. Also let us return here to Eq. (4) and
present values of some relevant parameters. Transport coef� cients
were evaluated on the basis of results of thermodynamic cal-
culations performed for all propellants used in the experimen-
tal study. The following values were used in calculations of
evolution of a population of agglomerates in one-dimensional
� ow:

¸AB D 0:20; J/.m ¢ s ¢ K/; cpAB D cpM D 36:0; J/.mole ¢ K/

L M D 2:84 £ 105; J/mole; Pr D 1

¸BC D 0:2774 C 0:1104 ¢ .1 ¡ Z M /

¡ 0:0170 ¢ .1 ¡ Z M /2; J/.m ¢ s ¢ K/

cpBC D 45:08 ¡ 8:210 ¢ .1 ¡ Z M /

¡ 1:518 ¢ .1 ¡ Z M /2; J/.mole ¢ K /

It was also assumed in those calculationsthat temperature TB was
equal to the aluminum oxide boiling point and temperature TA was
equal to the boiling point of the mixture of aluminum and its oxide
(Fig. 3).

Conclusions
The main result of this work consists of the development of a

mathematical model of evolution of single agglomerates in com-
bustion products of aluminized solid rocket propellant. The model
describes a wide range of phenomena that have been observed ex-
perimentally.High quality of the model was proved by comparison
with experimental data on evolution of both single agglomerates
and populations of agglomerates.

The developed model was successfully incorporated into other
models of physical and chemical processes taking place in the com-
bustion chamber of solid propellant rocketmotor. The model can be
used to solve some practical problems of designing and perfecting
rocketmotors. Future works on mathematicalmodeling evolutionof
SRP condensed combustion products are planned to be associated
with development of model for SOP evolution.
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